Family of $N$-dimensional superintegrable systems and quadratic algebra
  structures by Hoque, Md Fazlul et al.
ar
X
iv
:1
51
0.
00
92
2v
1 
 [m
ath
-p
h]
  4
 O
ct 
20
15
Family of N-dimensional superintegrable systems and
quadratic algebra structures
Md Fazlul Hoque, Ian Marquette and Yao-Zhong Zhang
School of Mathematics and Physics, The University of Queensland, Brisbane, QLD 4072,
Australia
E-mail: m.hoque@uq.edu.au; i.marquette@uq.edu.au; yzz@maths.uq.edu.au
Abstract. Classical and quantum superintegrable systems have a long history and they
possess more integrals of motion than degrees of freedom. They have many attractive properties,
wide applications in modern physics and connection to many domains in pure and applied
mathematics. We overview two new families of superintegrable Kepler-Coulomb systems with
non-central terms and superintegrable Hamiltonians with double singular oscillators of type
(n,N − n) in N-dimensional Euclidean space. We present their quadratic and polynomial
algebras involving Casimir operators of so(N + 1) Lie algebras that exhibit very interesting
decompositions Q(3)⊕ so(N − 1), Q(3) ⊕ so(n) ⊕ so(N − n) and the cubic Casimir operators.
The realization of these algebras in terms of deformed oscillator enables the determination of
a finite dimensional unitary representation. We present algebraic derivations of the degenerate
energy spectra of these systems and relate them with the physical spectra obtained from the
separation of variables.
1. Introduction
Algebraic methods are powerful tools in modern physics. Well known examples include the N -
dimensional hydrogen atom and harmonic oscillator which were studied using the so(N+1) [1, 2]
and su(N) [3, 4] Lie algebras respectively. In particular the spectrum of the 5D hydrogen atom
have been calculated using its so(6) Lie algebra and the corresponding Casimir operators of order
two, three and four [5]. Superintegrable models are an important class of quantum systems which
can be solved using algebraic approaches. An important property of such systems is the existence
of non-Abelian symmetry algebras generated by integrals of motion. These symmetry algebras
can be embedded in certain non-invariance algebras involving non-commuting operators. Such
symmetry algebras are in general finitely generated polynomial algebras and only exceptionally
finite dimensional Lie algebras.
Quadratic algebras have been used to obtain energy spectrum of superintegrable systems
[6]. The structure of a class of quadratic algebras with only three generators was studied and
applied to 2D superintegrable systems in [7]. Many researchers have studied quadratic and
polynomial symmetry algebras of superintegrable systems and their representation theory ( see
e.g. [8, 9, 10, 11, 12, 13, 14, 15]).
We review the results of our recent two papers [16, 17] and present the algebraic derivation
of the complete energy spectrum of the N -dimensional superintegrable Kepler-Coulomb system
with non-central terms and superintegrable double singular oscillators.
2. The main results
Let us consider the N -dimensional superintegrable Kepler-Coulomb system with non-central
terms and superintegrable Hamiltonian with double singular oscillators of type (n,N − n)
introduced in [16, 17]
HKC =
1
2
p2 − c0
r
+ c1χ1(r, xN ) + c2χ2(r, xN ), (1)
Hdso =
p2
2
+
ω2r2
2
+ c1φ1(x1, . . . , xn) + c2φ2(xn+1, . . . , xN ), (2)
where ~r = (x1, x2, ..., xN ), ~p = (p1, p2, ..., pN ), r
2 =
∑N
i=1 x
2
i , pi = −ih¯∂i, χ1(r, xN ) = 1r(r+xN ) ,
χ2(r, xN ) =
1
r(r−xN ) , φ1(x1, . . . , xn) =
1
x21+...+x
2
n
, φ2(xn+1, . . . , xN ) =
1
x2
n+1+...+x
2
N−n
and c0, c1, c2
are positive real constants. The system (1) is a generalization of the 3D superintegrable system
in E3 [18]. It includes as a particular 3D case the Hartmann potential which has applications
in quantum chemistry and its classical analog possesses closed trajectories and periodic motion
[5]. The model (2) is the generalization of the 4D and 8D systems obtained via the Hurwitz
transformation for which only the symmetry cases (2,2) and (4,4) were studied [19, 20, 21].
The model (1) is multiseparable and allows separation of variables in hyperspherical and
hyperparabolic coordinates. The wave function is
ψ(r,Ω) = R(r)Θ(ΦN−1)y(ΩN−2) (3)
in terms of special functions
R(r) ∝ (εr)l+ δ1+δ22 e−εr2 1F1(−n+ l + 1, 2l + δ1 + δ2 +N − 1; εr), (4)
Θ(z) ∝ (1 + z)
(δ1+IN−2)
2 (1− z)
(δ2+IN−2)
2 P
(δ2+IN−2,δ1+IN−2)
l−IN−2 (z), (5)
Λ2(N − 1)y(ΩN−2) = IN−2(IN−2 +N − 3)y(ΩN−2), (6)
where z = cos(ΦN−1), IN−2(IN−2 +N − 3) being the general form of the separation constant,
P
(α,β)
λ denotes a Jacobi polynomial and l ∈ IN, δi = {
√
(IN−2 + N−32 )
2 + 4c′i− N−32 }−IN−2, c′i =
ci
h¯2
, i = 1, 2. The energy spectrum of the system (1) is [16]
EKC ≡ En = −c
2
0
2h¯2
(
n+ δ1+δ22 +
N−3
2
)2 , n = 1, 2, 3, . . . (7)
The system (2) is also multiseparable and allows separation of variables in double hyper Eulerian
and double hyperspherical coordinates. We can split (2) into the sum of two singular oscillators
of dimensions n and N − n as Hdso = H1 +H2, where
H1 =
1
2
(p21 + ...+ p
2
n) +
ω2r21
2
+ c1φ1(x1, . . . , xn), (8)
H2 =
1
2
(p2n+1 + ...+ p
2
N ) +
ω2r22
2
+ c2φ2(xn+1, . . . , xN ). (9)
The wave function ψ(r1,Ω) = R1(r1)y(Ωn−1) of H1 in terms of special functions is given by
ψn1ln(u) ∝
ae−
u
2 u(δ1+
1
2
ln)/2√
2(δ1 +
1
2 ln +
n
4 )
× 1F1
(
−n1; 2{δ1 + 1
2
ln +
n
4
};u
)
, (10)
where δ1 =
{√
(12 ln +
n−2
4 )
2 + 12c
′
1 − n−24
}
− 12 ln, n1 =
E′1
2ω′ −
(
δ1 +
1
2 ln +
n
4
)
, c′1 =
c1
h¯2
, ω′ = ωh¯
and E′1 =
E1
h¯2
. The wave equation of H2 in (N − n)-dimensional hyperspherical coordinates has
similar solution. The energy spectrum of the system (2) is [17]
Edso = 2h¯ω
(
p+ 1 +
α1 + α2
2
)
, (11)
where α1 = 2δ1 + ln +
n−2
2 , α2 = 2δ2 + lN−n +
N−n−2
2 and p = n1 + n2.
The integrals of motion of (1) are given by
A =
N∑
i<j
L2ij + 2r
2[c1χ1(r, xN ) + c2χ2(r, xN )], (12)
B = −MN + c1(r − xN )χ1(r, xN )− c2(r + xN )χ2(r, xN ), (13)
J2 =
N−1∑
i<j
L2ij , Lij = xipj − xjpi, i, j = 1, ..., N − 1, (14)
and for the model (2) they are
A = −h
2
4


N∑
i,j=1
x2i ∂
2
xj −
N∑
i,j=1
xixj∂xi∂xj − (N − 1)
N∑
i=1
xi∂xi


+
c1φ1(x1, . . . , xn) + c2φ2(xn+1, . . . , xN )
2
[
1
φ1(x1, . . . , xn)
+
1
φ2(xn+1, . . . , xN )
]
,(15)
B =
1
2


n∑
i=1
p2i −
N∑
i=n+1
p2i

+
ω2
2
{
1
φ1(x1, . . . , xn)
− 1
φ2(xn+1, . . . , xN )
}
+c1φ1(x1, . . . , xn)− c2φ2(xn+1, . . . , xN ), (16)
J(2) =
∑
i<j
J2ij , Jij = xipj − xjpi, i, j = 1, 2, ...., n, (17)
K(2) =
∑
i<j
K2ij, Kij = xipj − xjpi, i, j = n+ 1, ...., N, (18)
where the Runge-Lenz vector Mj =
1
2
∑N
i=1(Ljipi − piLij) − c0xjr . The integrals of motion{A,B,C} close to the general form of the quadratic algebra Q(3) [7],
[A,B] = C, (19)
[A,C] = αA2 + γ{A,B}+ δA+ ǫB + ζ, (20)
[B,C] = aA2 − γB2 − α{A,B}+ dA− δB + z (21)
and the Casimir operator
K = C2 − α{A2, B} − γ{A,B2}+ (αγ − δ){A,B} + (γ2 − ǫ)B2
+(γδ − 2ζ)B + 2a
3
A3 + (d+
aγ
3
+ α2)A2 + (
aǫ
3
+ αδ + 2z)A. (22)
Here coefficients α, γ, δ, ǫ, ζ, a, d, z are given in the following table for models HKC and Hdso
[16, 17].
HKC Hdso
α 0 0
γ 2h¯2 2h¯2
δ 0 0
ǫ (N − 1)(N − 3)h¯4 h¯44 N(N − 4)
ζ −4(c1 − c2)h¯2c0 −h¯2J(2)H+h¯2K(2)H− h¯
2
4 {8c1−8c2−
(N − 4)(N − 2n)h¯2}H
a 0 0
d 8h¯2H −16h¯2ω2
z −4h¯2J2H+(N −1)2h¯4H−8h¯2(c1+
c2)H + 2h¯
2c20
2h¯2H2 + 4h¯2ω2J(2) + 4h¯
2ω2K(2) +
8h¯2ω2{c1 + c2 − h¯24 n(N − n)}
Table 1. Coefficients in Q(3) and K.
By means of the explicit expressions of A,B,C, we can write the Casimir operator in terms only
of central elements as
KKC = 2(N − 3)(N − 1)h¯4HJ2 − 8h¯2(c1 − c2)2H + 4(N − 3)(N − 1)(c1 + c2)h¯4H
−h¯6(N − 3)(N − 1)2H + 4h¯2c20J2 + 8h¯2(c1 + c2)c20 − 2(N − 3)h¯4c20, (23)
Kdso = 2h¯
2J(2)H
2 + 2h¯2K(2)H
2 +
h¯2
4
[
16c1 + 16c2 − {4(N − 4)− (N − 2n)2}h¯2
]
H2
+h¯2ω2J2(2) + h¯
2ω2K2(2) − 2h¯2ω2J(2)K(2) + 4h¯2ω2{c1 − c2 −
1
4
(N − 4)(N − n)h¯2}J(2)
−4h¯2ω2{c1 − c2 + 1
4
n(N − 4)h¯2}K(2) + 4h¯2ω2
[
(c1 − c2)2 − 1
2
(N − n)(N − 4)h¯2c1
−1
2
n(N − 4)h¯2c2 + 1
4
n(N − n)(N − 4)h¯4
]
. (24)
The first order integrals Lij, i, j, k, l = 1, .., N − 1 of HKC generate so(N − 1) Lie algebra
[Lij , Lkl] = i(δikLjl + δjlLik − δilLjk − δjkLil)h¯ (25)
and Jij = xipj−xjpi, i, j = 1, 2, ...., n and Kij = xipj−xjpi, i, j = n+1, ...., N of Hdso generate
so(n) and so(N − n) Lie algebras
[Jij , Jkl] = i(δikJjl + δjlJik − δilJjk − δjkJil)h¯, (26)
[Kij ,Kkl] = i(δikKjl + δjlKik − δilKjk − δjkKil)h¯. (27)
Thus the full symmetry algebra is Q(3)⊕ so(N − 1) for HKC and Q(3)⊕ so(n)⊕ so(N − n) for
Hdso. Chains of second order Casimir operators associated with so(N −1), so(n) and so(N −n)
components may be used to label quantum states for HKC and Hdso respectively.
These quadratic algebras can be realized in terms of the deformed oscillator algebra [7, 22]
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (28)
where ℵ is the number operator and Φ(x) is a well behaved real function satisfying Φ(x) > 0 for
all x > 0. Then the structure function has the form [16, 17]
Φ(x;u,E) = ν0
6∏
i=1
[x+ u− νi], (29)
where νi are given in the following table.
HKC Hdso
ν0 6291456Eh¯
18 -12582912h¯18ω2
ν1
1
2 (1 +m1 +m2)
1
4(2 +m
′
1 +m
′
2)
ν2
1
2 (1 +m1 −m2) 14(2 +m′1 −m′2)
ν3
1
2 (1−m1 +m2) 14(2−m′1 +m′2)
ν4
1
2 (1−m1 −m2) 14(2−m′1 −m′2)
ν5
1
2 +
c0
h¯
√−2E
h¯ω+H
2h¯ω
ν6
1
2 − c0h¯√−2E h¯ω−H2h¯ω
Table 2. Coefficients νi in (29).
In the above table, h¯2m21,2 = 16c1,2 + {4J2 + (N − 3)2}h¯2, h¯2m′21 = 8c1 +4J(2) + (n− 2)2h¯2 and
h¯2m′22 = 8c2 + 4K(2) + (N − n− 2)2h¯2.
For a finite-dimensional unitary representation, we have the following constraints
Φ(p+ 1;u,E) = 0; Φ(0;u,E) = 0; Φ(x) > 0, 0 < x < p+ 1 (30)
on the structure function (29). The solutions of these constraints provide the energy spectra
EKC,dso and the arbitrary constant uKC,dso (ǫ1 = ±1, ǫ2 = ±1) as
EKC =
−2c20
h2(2 + 2p + ǫ1m1 + ǫ2m2)2
, uKC =
1
2
+
c0
h¯
√−2E , (31)
Case 1 : Edso = 2h¯ω(p+ 1 +
ǫ1m
′
1 + ǫ2m
′
2
4
), udso =
E + h¯ω
2h¯ω
, (32)
Case 2 : Edso = 2h¯ω(p+ 1 +
ǫ1m
′
1 + ǫ2m
′
2
4
), udso =
−E + h¯ω
2h¯ω
, (33)
Case 3 : Edso = 2h¯ω(p+ 1 +
ǫ1m
′
1 + ǫ2m
′
2
4
), udso =
1
4
(2 + ǫ1m1 + ǫ2m2). (34)
We have four possible structure functions forHKC [16] and twenty four for Hdso [17]. Making the
identification n1+n2+IN−2 = n−1, p = n1+n2, mi = 12(3−2IN−2−N−2δi),m′i = 2αi, i = 1, 2,
the energy spectra EKC and Edso coincide (7) and (11) respectively.
3. Conclusion
We have presented some of the results in [16, 17] and shown how the su(N) and so(N + 1)
symmetry algebras of the N -dimensional Kepler-Coulomb (i.e., c1 = c2 = 0) and the N -
dimensional harmonic oscillator (i.e., c1 = c2 = 0) are broken to higher rank polynomial algebra
of the form Q(3) ⊕ L1 ⊕ L2 ⊕ . . . for non-zero c1 and c2, where L1, L2, . . ., are certain Lie
algebras. Q(3) is a quadratic algebra involving Casimir operators of the Lie algebras in its
structure constants. We have also presented the realizations of these quadratic algebras in terms
of deformed oscillator algebras and obtained the finite dimensional unitary representations which
yield the energy spectra of these superintegrable systems. In addition, we have compared them
with the physical spectra obtained from the separation of variables.
The systems (1) and (2) could be studied using new approaches such as the recurrence method
related to special functions and orthogonal polynomials and approaches combining ladder, shift,
intertwining and supercharges operators [20, 23]. The generalizations of these systems to include
monopole interactions and their duals [21, 24] could be also investigated.
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